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In this paper, we present a unified scheme based on the fluid description of the dark sector of the Universe.
The scheme captures models with interaction between dark energy and dark matter, being the core of gener-
alization the time-varying equation-of-state (EoS) parameter ω(a) and the time-dependent interactions through
the interaction function (a), where a is the scale factor. Furthermore, we propose thermodynamics constraints
on this generalized class of models using the laws of thermodynamics which are combined with observational
data. In order to test the observational viability of the unified model, we perform a Bayesian analysis using
cosmic chronometers (CC), type Ia supernovae (SNe Ia), cosmic microwave background (CMB), and angular
baryon acoustic oscillation (BAO) measurements.
I. INTRODUCTION
Observational and theoretical effort in modern cosmology
has successfully revealed a picture of the universe which is
very well realized through the standard model of cosmology,
the Λ + Cold Dark Matter (ΛCDM) model. The Λ compo-
nent is responsible for a repulsive gravitational force at cos-
mological scales which accelerates the universe whereas the
dark matter provides explanation at galaxy and galaxy clus-
ter scales for some gravitational phenomena e.g. the observed
rotation curves of galaxies and structure formation [1–3]. De-
spite the success of the standard model, our understanding of
the universe still lacks a plausible explanation of the theoret-
ical and observational issues associated with the late-time ac-
celerated cosmic expansion of the universe [4].
These open questions have motivated some approaches
which can be divided into two classes: extensions of gen-
eral relativity (GR) [5], and dark energy models [6]. The for-
mer one considers infra-red modifications to GR, leading to a
weakening of gravity on cosmological scales, whereas the lat-
ter adds an exotic component of dark energy, e.g., a scalar field
to the r.h.s of Einstein field equations. Within this context, the
dark energy component can also be described through a fluid
approach, with thermodynamics playing an important role in
such a description (see, e.g. [7–13] and references therein).
Thermodynamic considerations have been combined with
observational data to provide physical constraints on the fluid
dark energy (see e.g. [14–21]). In this paper, we concen-
trate on a framework which generalizes scenarios based on
the following assumptions: i) a perfect fluid of dark energy
with constant equation of state (EoS) [7], ii) an imperfect fluid
(bulk viscosity) of dark energy with a varying EoS and a non-
null chemical potential [22], iii) interaction among the dark
components with a constant parameter of interaction, being a
viscous fluid representing the dark energy as well as a pres-
sureless fluid, as a typical cold dark matter fluid [18], iv) a
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coupling model with both constants EoS and interaction pa-
rameter [23] and v) with the time-dependent interaction rate
[24].
From a phenomenological perspective, we propose a uni-
fied scheme based on the fluid description of the dark sec-
tor which is also able to recover the models discussed above.
Mathematically speaking, the core of the interacting models
proposed here is based on a time varying equation-of-state
(EoS) parameter ω(a) and the time-dependent interactions
through the interaction function (a). Moreover, we obtain
thermodynamics constraints on this generalized class of mod-
els using the laws of thermodynamics which are combined
with observational data. The observational viability of the
model considered will be discussed by performing a Bayesian
analysis using cosmic chronometers (CC), type Ia supernovae
(SNe Ia), cosmic microwave background (CMB), and angular
Baryon Acoustic Oscillation (BAO) measurements.
The paper is organized as follow. In Section II we present
our generalized interacting model. In Section III, based on
the second law of thermodynamics, we derive thermodynamic
constraints on the model parameters. In Section IV, we show
the data considered in this work. Our results are presented in
Section V. In Section VI, our main conclusions are presented.
II. GENERALIZED INTERACTING MODEL
Let us consider a homogeneous, isotropic and flat cos-
mological background described by Friedmann-Lemaître-
Robertson Walker metric (FRLW) and assume that the cosmic
budget is composed for baryons (b), dark matter (dm), radi-
ation (r) and dark energy (de). We treat the dark matter and
dark energy as interacting fluids with the energy-momentum
tensor of the dark sector given by
Tµν = T dmµν + T
de
µν . (1)
The covariant conservation of energy-momentum tensor,
∇µT µν = 0, leads to
ρ˙dm + 3Hρdm = −ρ˙de − 3Hρde(1 + ω) = Q, (2)
ar
X
iv
:2
00
9.
10
21
6v
1 
 [a
str
o-
ph
.C
O]
  2
1 S
ep
 20
20
2where ρdm and ρde represent the energy density of cold dark
matter and dark energy, respectively, while Q is the phe-
nomenological interaction term. Note that Q > 0 indicates
the dark energy decaying into dark matter while Q < 0 im-
plies the opposite.
The evolution of the dark components can be found by solv-
ing the system of equations (2). Generally, this can be done by
assuming a form for Q [25–27] or by assuming a relation be-
tween the energy densities of the components [28, 29]. Since
in the standard description the dark matter density evolves as
ρdm ∝ a−3, here we consider a deviation from the standard
evolution characterized by the following function [23, 24]
ρdm = ρdm,0a−3+(a), (3)
where ρdm,0 is the today dark matter energy density calculated
in a0 = 1 and  (a) is a function that depends of scale factor.
In what follows we consider that the equation of state of
dark energy is described by a function of the scale factor, p =
ω(a)ρde. By considering the equation of state of dark energy,
Eq. (1), the dark matter evolution, Eq. (3), and the relation
between scale factor and redshift 1/a = 1 + z, we obtain
ρx =ρx,0 exp
[∫
3
[1 + ω (z)]
1 + z
dz
]
+
+
ρdm,0
∫
(1 + z)3−(z) ln (1 + z)  (z)′ exp
[∫
3 [1+ω(z)]1+z dz
]
dz
exp
[
− ∫ 3 [1+ω(z)]1+z dz] +
+
ρdm,0
∫
 (z) (1 + z)2−(z) exp
[∫
3 [1+ω(z)]1+z dz
]
dz
exp
[
− ∫ 3 [1+ω(z)]1+z dz] ,
(4)
where ρx,0 is an integration constant associated with dark
energy density, ω(z) is the time-dependent EoS parameter
of dark energy fluid, and  (z) is the interaction function.
We will assume that the functional form of the equation
of state parameter is ω(z) = ω0 + ωz f (z). In the litera-
ture, many different parameterizations are proposed (see, e.g.
[30, 31] and references therein). In this work we use two pa-
rameterizations widely discussed in the literature known as
Chevallier-Porlaski-Linder parameterization (CPL) [32, 33]
and Barbosa-Alcaniz parameterization (BA) [34]
f (z) =
 z(1+z)1+z2 (BA)z
1+z (CPL).
(5)
For a complete description we need the functional form of
 (a). In Refs. [23, 24], it was proposed two parameterizations
for interaction function. We consider in this work the simplest
choice, i.e.
 = 0(1 + z)−δ, (6)
where 0 is a positive constant and δ is a constant which may
take both positive and negative values [26]. Then, combining
the parameterizations, Eqs. (5), and the Eq. (6) in Eq. (4), we
obtain
ρx = ρx,0 (1 + z)3(1+ω0)
(
1 + z2
) 3
2ωz
+ 0ρdm,0
∫ (
1 + z2
)− 32ωz (1 + z)−3ω0−0(1+z)−δ−δ−1 [−δ ln (1 + z) + 1] dz
(1 + z)−3(1+ω0)
(
1 + z2
)− 32ωz , (BA) (7)
ρx = ρx,0 (1 + z)3(1+ω0+ωz) e−3ωz
z
1+z + 0ρdm,0
∫
e(3ω
z
1+z ) (1 + z)−0(1+z)
−δ−3(ω0+ωz)−δ−1 [−δ ln (1 + z) + 1] dz
(1 + z)−3(1+ω0+ωz) e(3ωz
z
1+z )
, (CPL) (8)
Note that, for δ = 0, we have the model studied in Ref. [18]
whereas for δ = 0 and ωz = 0 we recover the standard Wang-
Meng model [25]. In the case 0 = 0, we recover the well-
known evolution of a dynamical dark energy [32–34], and for
wz = 0, the ω-fluid description is recovered.
III. THERMODYNAMIC CONSTRAINTS
The thermodynamic state of a relativistic simple fluid is
characterized for three quantities: the energy momentum ten-
sor T µν, the particle flow vector Nµ and the entropy flux S µ,
defined, respectively, as [14, 35, 36]
Nµ = nuµ, (9)
S µ = nσuµ, (10)
where n is the particle number density and σ the specific en-
tropy. The fundamental equations of motion are obtained from
the covariant derivative of energy-momentum tensor (energy’s
conservation), particle flux (equation of balance for the parti-
cle number) and entropy flux (second law of thermodynam-
ics), then
∇µT µν = ρ˙ + 3H(ρ + ρ) = 0, (11)
3∇µNµ = n˙ + 3Hn = Ψ, (12)
∇µS µ = τ ≥ 0, (13)
where ρ, p, Ψ and τ are energy density, pressure, particle
source and entropy source, respectively. By assuming that the
interacting between dark matter and dark energy affects only
the particle mass (particle number is conserved, Ψ = 0), the
fluids are composed by variable mass particles [37]. The sec-
ond law of thermodynamics requires that the entropy source
be non-negative. For τ = 0, we have a non-dissipative states
(perfect fluid) and τ ≥ 0 denotes a dissipative states (imperfect
fluid). The relation between temperature, specific entropy, en-
ergy density, pressure and particle number is given by Gibbs
equation
nTdσ = dρ − ρ + p
n
dn. (14)
Following the standard description ([35, 36, 38]), it is possible
to show that the temperature law is given by
T˙
T
=
(
∂p0
∂ρ
)
n
n˙
n
+
(
∂Π
∂ρ
)
n
n˙
n
(15)
where p0 is the equilibrium pressure and Π is the bulk viscos-
ity pressure. As is well known the cold dark matter component
is pressureless which implies that there is no temperature evo-
lution law for this component. However, the dark energy has
pressure, so that its temperature evolution law is important for
the thermodynamics analysis.
The Eq. (2) can be rewritten as ρ˙x + 3H (1 + ω0) ρx =
−3HΠ, with Π given by
Π = ωz f (z) ρx +
 (z)
3
ρdm +
 (z)′
3
ρdm (1 + z) ln (1 + z) , (16)
which mimics a fluid with bulk viscosity [14, 22]. The bulk
viscosity is a sum of a term related to the variable part of the
dark energy EoS, one referring to the interaction term and an-
other one coming from the dependence of the interaction pa-
rameter with redshift. Note that in the limit of constant inter-
action, (z) → 0, the results obtained in Ref. [18] are fully
recovered. In the uncoupled case, the results of the Ref. [14]
are retrieved. By assuming only a scalar dissipative process,
i.e., bulk viscosity, the entropy source of the interacting dark
fluid is given by [36]
S µ;µ = −3H ΠTx . (17)
The dark energy temperature is always positive and increasing
with universe’s expansion [7, 14, 22]. From Eqs. (16) and
(17), the second law of thermodynamics implies that
ωz 6
 (z) ρdm + ρdm (1 + z) ln (1 + z)  (z)′
3 f (z) ρx
. (18)
Moreover, from Eqs. (3), (5), (6), (7) and (8) we obtain the
following thermodynamic constraints for BA and CPL param-
eterizations, respectively
ωz 6 −0ρdm,0 (1 + z)
3−0(1+z)−δ−δ [1 − δ ln (1 + z)]
3 z(1+z)1+z2
[
ρx,0 (1 + z)3(1+ω0)
(
1 + z2
) 3
2ωz + 0ρdm,0
∫
(1+z2)−
3
2 ωz (1+z)−3ω0−0(1+z)−δ−δ−1[−δ ln(1+z)+1]dz
(1+z)−3(1+ω0)(1+z2)−
3
2 ωz
] , (19)
ωz 6 −0ρdm,0 (1 + z)
3−0(1+z)−δ−δ [1 − δ ln (1 + z)]
3 z1+z
[
ρx,0 (1 + z)3(1+ω0+ωz) e(−3ωz
z
1+z ) + 0ρdm,0
∫
e(3ω
z
1+z )(1+z)−0(1+z)−δ−3(ω0+ωz)−δ−1[−δ ln(1+z)+1]dz
(1+z)−3(1+ω0+ωz)e(3ωz
z
1+z )
] , (20)
which clearly is not defined at z = 0. On the other hand,
considering null chemical potential, the Euler relation can be
written as S/n = (ρ + p)nT . Thus, from the positiveness of
entropy we obtain
ρx[1 + ω(z)] ≥ 0 . (21)
Now, using the Eqs. (5), (7) and (8), we find
ρBAx
[
1 + ω0 + ωz
z(1 + z)
1 + z2
]
≥ 0. (22)
ρCPLx
[
1 + ω0 + ωz
z
1 + z
]
≥ 0, (23)
From these constraints and considering that dark energy
density satisfies the weak energy condition, that is ρx ≥ 0,
within the redshift interval of interest, a similar constraint is
also obtained for the non-interacting model [14, 22]
[1 + ω(z)] ≥ 0. (24)
We completely recovered the results of Ref.[14] for the un-
coupled dark energy case.
4IV. COSMOLOGICAL DATA
In order to investigate the properties of generalized inter-
action and impose thermodynamic constraints, we perform
a Bayesian statistical analysis using different cosmological
probes, which are listed as follows:
• BAO 2D: Clustering measurements that provide the
Baryon acoustic oscillations (BAO) data are important
to break parameter degeneracies from CMB measure-
ments. This probe, which is almost unaltered by un-
certainties in the nonlinear evolution of matter density
and other systematics errors, is considered as a statisti-
cal standard ruler. Thus, this geometrical probe allows
to constrain the background evolution of dark energy
models. In this work, we consider the angular BAO
measurements (θBAO) from the galaxy distribution of the
DR11 [39] and the quasar distribution of the DR12 [40].
• CMB: The CMB is one of most important observable in
cosmology due to our understanding of linear physics
as well as its sensibility to cosmological parameters. In
this work, we consider the position of the first peak of
the CMB temperature power spectrum, l1 = 220 ± 0.5
[41]. We follow the approach presented in Ref. [18].
• Cosmic Chronometers (CC): Another cosmological
probe considered in this work is the cosmic chronome-
ter data obtained through the differential age method.
The CC allows to determine the Hubble parameter val-
ues at different redshifts taking the relative age of pas-
sively evolving galaxies [42–48]. We use the 31 avail-
able measurements of the Hubble parameter in the red-
shift range 0.07 < z < 1.96 listed in Ref. [49].
• Type Ia Supernovae (SNe Ia): The Type Ia Super-
novae data is among the most important measurements
in observational cosmology and constitutes a princi-
pal evidence of the cosmic acceleration. Type Ia Su-
pernovae are considered as standardizable candles and
they are a powerful probe to constraint cosmological pa-
rameters, specially the dark energy EoS. The Pantheon
compilation is the most recent SNIa sample which con-
sists of 1048 measurements of apparent magnitude in
the redshift range 0.01 < z < 2.3 [50].
Table I. The table shows the priors on the free parameters of each
parameterization. Note that N(µ, σ2) means a Gaussian prior with
mean µ and variance σ2, andU(a, b) means Uniform prior.
Parameter Prior
H0[km/s/Mpc] N(74.03, 1.42)
Ωc U(0.001, 0.99)
ω0 U(−2.5, 0)
ωz U(−5, 3)
0 U(0, 0.15)
δ U(0.0, 10)
V. RESULTS
Using the above mentioned cosmological observations, we
adopt the Nested Sampling [51] method based on a Monte
Carlo technique targeted at the efficient calculation of the evi-
dence, yet which allows posterior probability as a by-product.
For this, we implement the public package MultiNest [52–54]
through the PyMultiNest [55]. To perform this analysis, we
choose uniform priors for all parameters except for the Hub-
ble constant for which we consider a Gaussian prior based on
the Cepheids/SNe model-independent H0 value [56]. These
priors are shown in Table I. We fix the radiation density pa-
rameter in Ωr,0h2 = 1.698Ωγ with Ωγ = 2.469 × 10−5h2 and
the baryon density at the Planck Collaboration value Ωbh2 =
0.02237 [1].
The results of the joint analysis (BAO + CMB + CC + SNe
Ia) are presented in the Table II, and in Figures 3 and 4. Table
II shows the mean and 1σ error for each parameter analyzed.
In the Figures 3 and 4 we show the posterior distributions and
1σ and 2σ contours regions for the parameterizations studied
in this work. Note that negative values of δ are ruled out1 and
the current observational bounds on δ are not restrictive [23,
24]. On the other hand, the values obtained for the interaction
parameter 0 are compatible with the results obtained in Refs.
[23, 24].
We will also combine the thermodynamics bounds dis-
cussed earlier with observational data to constrain the ω0 −ωz
parametric space. We perform a Bayesian analysis with 0 and
δ fixed. By considering the results obtained for BA parameter-
ization, we fix these parameters at the mean value obtained in
the global analysis, i.e., 0 = 0.045 and δ = 4.3. For CPL pa-
rameterization we consider 0 = 0.041 and δ = 4.5. In Figure
1 we show the combination between 1σ and 2σ confidence
contours and the thermodynamics constraints shown in Eqs.
(19), (20), (22) and (23) for both paramaterizations. Since
these constraints depend on time, the regions are plotted by as-
suming its validity within the redshift interval 0.01 < z < 2.3.
The results are shown in Figure 1, where the hatched and
gray regions represent the constraints from Eqs. (19) - (20)
and Eqs. (22) - (23), respectively. Figure 1 shows that the ob-
servational constraints are more restricted for the BA param-
eterization, however, in both cases the thermodynamics and
observational constraints are incompatible at the interaction
parameters considered, mainly by the higher 0 value than the
one obtained without evolving interaction in Ref. [18].
A. Model selection
In order to compare the several coupling models with
ΛCDM, we implement the Bayesian model comparison in
terms of the strength of the evidence according to the Jef-
freys scale. To do this, we estimate the values of the log-
arithm of the Bayesian evidence (lnE) and the Bayes factor
1 Even if the prior allows negative values of δ, the observational constrains
rule them out.
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Figure 1. Observational and thermodynamics constraints in the w0 −wz plane for the BA (left) and CPL (right) parameterizations. The δ and 
parameters are fixed at their central value in the global analyses.
Table II. Statistical constraints on the cosmological parameters for
each parameterization and the power law model using a Gaussian
prior for H0.
Parameterization BA CPL
Interaction Power law Power law
H0 70.7+1.0−1.0 70.7
+1.0
−1.0
Ωdm 0.271+0.040−0.037 0.263
+0.039
−0.033
ω0 −1.00+0.11−0.13 −0.98+0.12−0.14
ωz −0.51+0.44−0.64 −0.73+0.69−0.99
0 0.045+0.025−0.026 0.041
+0.026
−0.023
δ 4.3+4.0−3.5 4.5
+3.9
−3.6
(lnB). These values were achieved considering the priors de-
fined in the Table I and, the dataset describe in the Section
IV. We assumed ΛCDM model as the reference one. The
Jeffreys scale interprets the Bayes factor as follows: incon-
clusive if | lnB| < 1, weak if 1 ≤ | lnB| < 2.5, moderate if
2.5 ≤ | lnB| < 5 and strong if | lnB| ≥ 5. A negative (posi-
tive) value for lnB indicates that the competing model is dis-
favoured (supported) with respect to the ΛCDM model.
In Figure 2, we show the values obtained for Bayes fac-
tor considering each model studied in this work. Note that
all coupling models achieved the negative values for Bayes
factor, i.e., the dataset used to perform the statistical analysis
prefer the simplest model, ΛCDM.
VI. CONCLUSIONS
In this paper, we proposed the unified scheme following
the fluid description of the dark sector of the universe. This
generalized interacting model recovered several models pro-
posed in literature, being the core of the generalization the
time varying equation-of-state (EoS) parameter and the time-
dependent interactions, via the interaction function. Based on
the positiveness of the entropy and the second law of Thermo-
dynamics, physical constraints were combined with observa-
tional ones. Specifically, the bounds on the ω(z) come from
thermodynamics constraints Eqs. (19), (20), (22) and (23)
7 6 5 4 3 2 1 0 1 2 3 4 5 6 7
(z) (z) CPL
(z) (z) BA
0 (z) CPL
0 (z) BA
(z) 0
0 0
CDM
lnB
Figure 2. Figure shows the Bayes factor between the ΛCDM and
each coupling models considering the data combination. The red bar
indicates Gaussian prior on H0. The coupled models analyzed in this
work were: 0ω0 [25], (z)ω0 [23, 24], and 0ω(z) [18]. Note that
∆ lnB < 0 favors the ΛCDM.
combined with actual observational data BAO + CMB + CC
+ SNe Ia. We have shown that this combination provided very
restrictive limits on the parametric space as shown in Figures
1. Finally, in order to investigate the viability of the general-
ized interacting model, we have performed the Bayesian sta-
tistical analysis (see Table II and Fig. 2) in order to compare
the parameterizations (BA and CPL) used in this generalized
approach.
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Figure 3. 1σ and 2σ confidence regions and the probability density functions for the cosmological parameters constrained by the joint
statistical analyses considering the data BAO + CMB + CC + SNe Ia for BA parameterization with a power law interaction.
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Figure 4. 1σ and 2σ confidence regions and the probability density functions for the cosmological parameters constrained by the joint statistical
analyses considering the data BAO + CMB + CC + SNe Ia for CPL parameterization with a power law interaction.
